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B
lock copolymers in solutions or melts
are known to self-assemble intomeso-
phases with one-, two-, or three-
dimensional periodic order with typical
repeatingdistances in the 10200nm range.1,2
In solutions, the self-assembly of the differ-
ent phases can be controlled by tuning exter-
nal conditions such as pH or temperature.
The wide availability and relatively inexpen-
sive synthesis of block copolymers as well as
the ability to exquisitely control so many
diverse phases with periodic ordermake them
compelling candidates for the building
blocks of novel materials. Thin films of block
copolymers can provide “bottom-up” tem-
plates for fabrication of devices on sub-30-nm
length scales that are inaccessible to stan-
dard lithography techniques, opening the
door for molecular size electronic compo-
nents and ultrahigh density magnetic stor-
age media. Applications include growth of
nanowires3,4 and nanocrystals used in de-
vices such as flash memory,5 metal-oxide-
semiconductor capacitors,6,7 arrays of quan-
tumdots,8,9 and photonic crystals.10 Formost
applications, the proposed fabrication pro-
cess consists of forming a thin copolymer film
on a substrate, which is then chemically
treated to remove one of the copolymer
components. The remaining component is
used as a mask for growing the active com-
ponent. It would be even more desirable to
include the active component (e.g., metallic
or silica nanoparticles) from the outset and
form the desired structure in a single pass.
Direct application of this method is limited
mainly due to nanoparticle aggregation and
incompatibility of nanoparticle surface and
ionic solutions with the polymers.11 These
problems can be circumvented by the use of
self-assembling functionalized block copoly-
mers, that is, polymers with covalently at-
tached end groups that show specific affin-
ity for nanoparticles, as agents for assembling
ordered nanoparticle structures.12,13
The theoretical understanding of the fac-
tors that lead to a successful self-assembly
of nanocomposites is relatively limited. Re-
cent studies include investigations of the in-
fluence of nanoparticles on the self-
assembly and nanostructure formation of
diblock copolymer melts based on solving
cell dynamical system equations,14 Monte
Carlo simulations,15 and self-consistent
mean field/density functional theory.16,17
Zhang et al.18 used Brownian dynamics
simulations to study the self-assembly of
nanoparticles functionalized with oligo-
meric tethers attached to specific locations
on the nanoparticle surface. It is therefore of
importance to develop a general frame-
work for predicting how to organize or-
dered nanoparticle structures. Particularly
appealing are bicontinuous triply periodic
structures, as they offer optimal topological
designs for the maximization of multiple
transport properties.19
RESULTS AND DISCUSSION
In this contribution, we explore under
what conditions functionalized triblock
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ABSTRACT We consider nanoparticles and functionalized copolymers, block copolymers with attached end
groups possessing a specific affinity for nanoparticles, in solution. Using molecular dynamics, we show that
nanoparticles are able to direct the self-assembly of the polymer/nanoparticle composite. We perform a detailed
study for a wide range of nanoparticle sizes and concentrations. We show that the nanoparticles order in a number
of distinct phases: simple cubic, layered hexagonal, hexagonal columnar, gyroid, and a novel square columnar.
Our results show that nanoparticles ordered with functionalized block copolymers can provide a simple and
efficient tool for assembling novel materials with nanometer scale resolution.
KEYWORDS: end-functionalized block copolymers · nanoparticle/copolymer
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copolymers can be used to successfully assemble or-
dered nanostructures. Our study is based on the mini-
mal model of functionalized polymers and nanoparti-
cles first introduced in ref 20, now extended to
investigate nanoparticle size and shape. The details of
the model are summarized in Figure 1. Depending on
the nanoparticle concentration, size, and shape, we
find a number of two- and three-dimensional ordered
structures with distinct nanoparticle ordering: (1) simple
cubic, (2) layered hexagonal, (3) hexagonal columnar,
(4) gyroid, and (5) square columnar.
We model (Figure 1) the copolymer as a fully flex-
ible harmonic chain of 12 hydrophilic (A) and seven hy-
drophobic (B) segments of mass m and diameter  ar-
ranged as A˜A5B7A5A˜ (bead-spring model). A˜ designates
two functional end groups which have specific affinity
for the nanoparticles; otherwise, segments A˜ are identi-
cal to segments A. Each segment represents 10
monomers of a real copolymer. Nanoparticles are mod-
eled as a cluster of Nnp spherical subunits connected
with harmonic springs and arranged to minimize
Lennard-Jones binding energy.21 Effects of the solvent
are treated implicitly by modifying the interaction be-
tween monomers and nanoparticles.
We investigate the phase diagram as a function of






where n is the number of nanoparticles, p is the num-
ber of copolymers, Npoly  19 is the number of seg-
ments in each copolymer chain, and L is the length of






We first describe the phase diagram for the small-
est nanoparticle size studied, Nnp  13, with an aver-
age diameter dnp  1.2Rg, where Rg  2.3 is the aver-
age radius of gyration of a single copolymer chain.
Figure 2 shows the phase diagrams for three relative
concentrations of nanoparticles: c  0.10 (a), 0.18 (b),
and 0.23 (c) over a range of packing fractions and nano-
particle affinities. For comparison, below each figure,
we show the phase diagram of a A6B7A6 copolymer sys-
tem without nanoparticles. Phase boundaries are indi-
cated for clarity only, and the details of the phase dia-
gram calculations are given in the Supporting
Information. For low packing fractions   0.2, no or-
dering is observed. Polymers form micelles with aver-
age aggregation numbers of 1012 that are in a liquid
state. Nanoparticles are unaffected by the polymer and
freely diffuse. At weak nanoparticle affinities (N), and
as the packing fraction increases, micelles grow in size
and solidify in the shape of bent cylinders. Nanoparti-
cles are randomly dispersed without any long-range or-
dering. We denote this phase as “polydisperse disor-
dered cylinders”.
For packing fraction   0.2 and nanoparticle affin-
ity N/kBT  1.0, the system develops two-dimensional
order, a square columnar phase (Figure 3). Cylindrical
micelles traverse the entire simulation box, and nano-
particles arrange in columns parallel to the micelles.
Figure 2. Phase diagram as a function of packing fraction  and nanoparticlepolymer interaction N for the nanoparticle size Nnp 
13, dnp  1.2Rg, and relative concentration of 10% (a), 18% (b), and 23% (c). Phase boundaries (dotted lines) cannot be precisely deter-
mined and are indicated for clarity. Lower bar represents phase diagram of A6B7A6 copolymer without nanoparticles.
22
Figure 1. Building block of the coarse grained model. Or-
ange spheres represent the nanoparticle subunits; red (blue)
spheres represent hydrophobic (hydrophilic) segments of
the copolymer chain. White spheres represent functional-
ized end groups with tunable affinity, N, for nanoparticles.
Each copolymer chain consists of 19 segments, 7 hydropho-
bic (B) and 12 hydrophilic (A), including 2 end groups (A˜).
Nanoparticles are clusters of Nnp  13, 55, or 75 units ar-
ranged in structures that minimize Lennard-Jones poten-
tial.21 All nanoparticles in a given system are of the same di-
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Two interpenetrating square “line-lattices” with equal
lattice constants, a  9.5  4.1Rg, are formed. Diffu-
sion is completely suppressed, nanoparticles are well-
localized in space, and nanoparticle ordering is success-
ful. In Figure 3a, we show a snapshot of the simulation
box perpendicular to the line order emphasizing the
square alignment. The square columnar phase is some-
what similar to the ADC phase observed in the lattice
Monte Carlo study of the stabilization of ordered bicon-
tinuous phases in diblock copolymer systems.23 In the
“cylindrical mix” region, the square columnar order dis-
solves in favor of a disordered layered structure formed
of cylindrical micelles and nanoparticles stacked in dis-
torted columns, resulting in a failure to form an ordered
long-range structure.
As the relative concentration of nanoparticles in-
creases (Figure 2b,c), the square columnar phase is sup-
pressed. At moderate packing fractions, two distinct
hexagonal phases emerge. Hexagonal columnar (Fig-
ure 3b) is a two-dimensional structure much like the
square columnar phase. Cylindrical micelles order in a
hexagonal line-lattice with a lattice constant a  11.5
 5.0Rg, around 20% larger than the lattice constant of
the square columnar phase. The nanoparticles fill in
the space between the micellar cylinders, forming a
honeycomb-like structure. Both hexagonal and square
columnar structures are slightly distorted in the cubic
box because their periodic repeat length is not an ex-
act multiple of the box length and thus there is no arti-
ficial preference in the system. The issue of the appro-
priate box size is extensively discussed in ref 22.
The layered hexagonal phase (Figure 4) exhibits
three-dimensional order. Spherical micelles form a
simple hexagonal lattice, while nanoparticles arrange
in perforated layers located between the micellar
planes. The resulting structure resembles that of CaCu5,
with the important difference that there are no nano-
particles in the layer occupied by micelles.
For large packing fractions, the system orders into a
gyroid phase (Figure 6). The polymer forms a cen-
trosymmetric gyroid, imposing the same order onto
the nanoparticles. Both gyroids possess the Ia3¯d space
group symmetry,25 as confirmed by the structure factor
calculation (Figure 7) for nanoparticles and hydropho-
bic segments.
If the nanoparticle size is increased to Nnp  55
(nearly spherical, dnp 2.1Rg) and Nnp 75 (slightly ob-
long largest available Lennard-Jones cluster,21 dnp 
Figure 3. Simulation snapshots of square columnar (a) and hexagonal columnar (b) phases, perpendicular to the cylinders,
for systems with 120 (a) and 210 (b) nanoparticles of size Nnp 13 (dnp 1.2Rg) and 600 copolymers, N/kBT 2.5 (a) and N/
kBT  1.5 (b), and packing fraction   0.25. To make ordering more transparent, the snapshots are created with the simu-
lation box replicated two times in each direction. (a) Simulation snapshot of a system in the square columnar phase (c 0.13).
Micelles and nanoparticles form two interpenetrating square line-lattices with lattice constant 9.5  4.1Rg; (b) simula-
tion snapshot of a system in the hexagonal columnar phase (c 0.205). Micelles form hexagonal line-lattice with lattice con-
stant  11.5  5.0Rg, and nanoparticles coat them by filling the space between. White and black squares (a) and white
hexagon (b) are used to emphasize underlying order. Nanoparticle subunits (orange) and hydrophobic segments (red) are
shown at diameter . For clarity, hydrophilic (blue) and functionalized end (white) segments are shown at a 50% diameter.
(c) Schematic plot of square arrangement of two size disks for size ratio of 0.414214 and 50% relative concentration of small
disks.26,27 (d) Schematic plot of a hexagonal arrangement of two size disks for size ratio 0.349198 and 85.7% relative concen-
tration of small disks.26,27 All snapshots in this paper are generated with Visual Molecular Dynamics (VMD) package28 and
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2.5Rg along the longest axis), the nanoparticle order-
ing remains successful (Figure 5a). The square colum-
nar phase (Figure 5b) stabilizes for large packing frac-
tions and weak to moderate nanoparticle affinities. The
gyroid phase is pushed toward higher values of  and
N/kBT. For packing fractions,   0.150.3 and N/kBT
2, a new three-dimensional ordered structure ap-
pears. Nanoparticles are successfully ordered in a
simple cubic lattice with lattice constant a  9.5 
4.1Rg. The full ordered structure is a CsCl lattice where
spherical micelles and nanoparticles form two interpen-
etrating cubic lattices, that is, each nanoparticle is sur-
rounded by eight equidistant micelles and vice versa.
Our results show that functionalized copolymers
can be successfully used to assemble ordered struc-
tures of nanoparticles. Although the order will be
mainly dictated by the polymer subsystem, the nano-
particles are not silent observers but direct the process
of structure formation, either by stabilizing the polymer
order (in the case of the gyroid phase) or by signifi-
cantly rearranging micelles (in the case of square co-
lumnar phase).
To clarify the origin of the two-dimensional or-
dered structures, square columnar and cylindrical
hexagonal, we resort to an analogy with the pack-
ing problem of two size disks, extensively studied in
discrete mathematics.26,27 For comparison, packing
of two size disks with the closest resemblance to the
structures observed in our simulations are shown in
Figure 3c,d. Optimal packing depends on the relative
concentration and size ratio of two disks. Depen-
dence on the relative concentration is apparent in
transition from Figure 2a to Figure 2b to Figure 2c.
As the relative number of nanoparticles increases,
the square columnar phase is replaced with the cy-
lindrical hexagonal and layered hexagonal, depend-
ing on packing fraction and nanoparticle affinity. The
ratio between nanoparticle radius and the radius of
a micellar cylinder plays the role of the relative size
of two disks. For example, in the case shown in Fig-
ure 3a, the nanoparticle (micelle) diameter is dnp 
1.2Rg ( dmic  4.5Rg), with the size ratio 0.27,
roughly one-half of the size ratio for disks shown in
Figure 3c. At a quantitative level, the analogy be-
Figure 5. (a) Phase diagram for the relative concentration of 21% of the largest available (Nnp  75, dnp  2.5Rg) nanoparticles as the
function of packing fraction  and interaction strength N/kBT. Ordered nanoparticle structures are observed in the wide portion of the
phase diagram with three distinct ordered phases: simple cubic, square columnar, and gyroid. Lower bar represents phase diagram of
A6B7A6 copolymer without nanoparticles. (b) Simulation snapshot of the square columnar phase with 40 nanoparticles (Nnp  75, dnp 
2.5Rg) and 600 copolymers for 0.3 and N/kBT 1.5. Nanoparticle subunits (orange) and hydrophobic segments (red) are shown at di-
ameter . Simulation box is replicated two times in each direction. (c) Simulation snapshot of cubic phase with 64 nanoparticles (Nnp 
75, dnp 2.5Rg) and 910 copolymers for 0.2 and N/kBT 2.5. For clarity, hydrophilic (blue) and terminal (white) segments are shown
at a 50% diameter, (b) and (c).
Figure 4. Layered hexagonal phase. A view of a simulation snapshot for the system with 240 nanoparticles (Nnp  13) and
600 copolymers (c  0.23), nanoparticle affinity N/kBT  1.5, and packing fraction   0.35. Hydrophobic segments (red)
from a simple hexagonal lattice (a) (top view); for presentation purposes, we omit hydrophilic segments. Nanoparticles (or-
ange) form perforated layers resembling a honeycomb (b) (top view), placed between micellar layers (c) (side view). In the
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tween the optimal packing of disks and nanoparti-
cle ordering must be taken with some caution, as the
functional polymer end groups provide a favorable
energy for nanoparticles, which goes beyond the
hard disk interactions assumed in the optimal disk
packing.
Effects of nanoparticle affinity become even more
important as the nanoparticle size is increased. More
functional end groups can simultaneously attach to a
single nanoparticle, effectively increasing the attractive
interaction. This effect is most prominent in the case of
cubic structures. A cubic lattice has low density and co-
ordination compared to close packed structures, and
its formation depends intricately on the details of the
interaction potential.30
For large packing fractions and nanoparticle af-
finities, we find a gyroid phase. Transition to the gy-
roid phase can be explained as follows. With an in-
crease in density, micelles start to merge as
hydrophobic segments tend to minimize contact
with the solvent. The system also prefers to mini-
mize surface tension of the layer connecting hydro-
phobic and hydrophilic segments, which can be
achieved by reducing the curvature of the contact
surface. As a result a minimal surface—a gyroid—
forms. A somewhat similar scenario has been re-
ported for selective nanoparticles in diblock melts.31
Nanoparticles fill the space surrounding the micel-
lar gyroid, forming a complementary gyroid struc-
ture. It, however, appears that nanoparticles help
stabilize gyroid order since even significantly smaller
nanoparticles ( Nnp  1, dnp  0.4Rg)
20 than those
considered here notably extend the region of pa-
rameter space occupied by the gyroid phase.
Using a minimal coarse grained model for nano-
particles in a solution of triblock copolymers with
functionalized end groups, we have mapped the
phase diagram over a wide range of nanoparticle
sizes, concentrations, and packing fractions. We find
a rich phase diagram with five phases containing dis-
tinct long-range nanoparticle order: (1) square co-
lumnar, (2) hexagonal columnar, (3) layered hexago-
nal, (4) cubic, and (5) gyroid. We showed that
nanoparticle order can be controlled by changing
relative size, concentration, and affinity between
nanoparticles and copolymers.
A good candidate for the experimental realization
of the proposed nanocomposite assembly strategy is,
commercially available, Pluronic triblock copolymer.
Functionalizing Pluronics by covalently attaching end
groups with different chemical properties is a topic of
intense research, and a number of successful attempts
have already been made. For example, Pluronic F127
and the poly(2-diethylaminoethyl methacrylate), PDE-
AEM, modified Pluronic F127 (PDEAEM35-F127-
PDEAEM35)
32 pentablock copolymers have been func-
tionalized with 14 amino acid hydroxyapatite binding
peptides and successfully used to template 510 nm
calcium phosphate nanoparticles.12,13 Further, experi-
ments with growing magnetite nanoparticles in an or-
Figure 7. Structure factor in the gyroid phase for a system with 270 nano-
particles and 600 copolymers ( c 0.25), nanoparticle affinity N/kBT 1.5,
and packing fraction   0.35. Peaks corresponding to the position of hy-
drophobic segments are represented with the red circles. Orange triangles
are peaks corresponding to the position of nanoparticles. Square roots
above peaks designate peaks allowed by the Ia3¯d space group.25 Note that
14 is essentially indistinguishable from the noise.
Figure 6. Gyroid phase. A view of a simulation snapshot for the system with 270 nanoparticles (Nnp  13, dnp  1.2Rg) and
600 copolymers (c  0.25), nanoparticle affinity N/kBT  1.5, and packing fraction   0.35. Hydrophobic part (red) of co-
polymer chains from a centrosymmetric gyroid (a); for presentation purposes, we omit hydrophilic segments. Nanoparticles
(orange) also form a gyroid with the same symmetry (b). The two gyroids interpenetrate each other (c). In the right-hand
side figure, hydrophilic (blue) and terminal (white) segments are shown at a 50% radius. For clarity, the snapshots are cre-
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ganic matrix made of Pluronic F127 copolymer with co-
valently attached MMS6 protein, found in
magnetotactic bacteria,33 suggest that the morphol-
ogy and alignment of the formed nanocrystals could
be successfully controlled by the underlying organic
matrix.34,35
MODEL AND SIMULATION DETAILS
We use a generic triblock copolymer modeled with a bead-
spring model of Npoly 19 segments arranged as A˜A5B7A5A˜. Seg-
ments (A) are hydrophilic while segments (B) are hydrophobic.
Two terminal segment (A˜) are functionalized to show affinity for
nanoparticles; otherwise, they are identical to the remaining seg-
ments of type A. This is, for example, a suitable coarse grained
representation of a Pluronic polymer. In this model, each seg-
ment represents approximately 10 Kuhn monomers of a real
polymer. Effects of the solvent are included implicitly through
the effective nonbonding interactions. The nonbonded interac-
tions are described as effective Lennard-Jones potentials. Follow-






Rij){1 i, j) B0 otherwise
 is the Lennard-Jones radius, and ij is the interaction energy. All
bond angle and torsion interactions are ignored. The bonded
interactions are modeled with the simple harmonic potential U(r)
 1/2k(r r0)
2, with k 3302, and r0 0.9. Note that all
quantities are measured in reduced Lennard-Jones units, that is,
distances are measured in unit of  and energies in units of
/kBT.
Nanoparticles are modeled as clusters of Nnp subunits held
together by a harmonic potential U(r)  1/2knp(r  r0)
2, where
r0  0.9 and knp  330
2. Each subunit is connected to its
nearest neighbors such that the overall shape of the nanoparti-
cle is preserved. The positions of subunits within a nanoparticle
are chosen to form a minimum Lennard-Jones energy cluster of
Nnp subunits.
21 Within each run, nanoparticles are monodis-
perse. Simulations are performed with three nanoparticle sizes,
Nnp  13, 55, and 75 with the average diameter, dnp  1.2Rg,
2.1Rg, and 2.5Rg (along the longest axis), respectively. (Rg 2.3
is the average radius of gyration of a single copolymer chain cal-
culated for parameter values of the full simulation, i.e., AA 
AB  0, BB  1, /kBT  1.0, k  330
2, r0  0.9, and re-
duced temperature T  1.2.) The first two sizes are chosen as
they are are almost spherical, while the last one is the largest
available Lennard-Jones cluster and is slightly oblong. Note that
in our model nanoparticles are not rigid, and their average size
fluctuates. These size fluctuations are very small (	dnp 
(2kBT/
knp )  0.08) and can be safely neglected.
Interaction between different nanoparticles is assumed to




Interaction between nanoparticles and copolymers is modeled





between the functional end groups (A˜) and nanoparticle
subunits with a tunable strength N. The rest of the copolymer
chain is repelled from nanoparticles with an 
r12 potential.
Simulations are performed with LAMMPS simulation pack-
age.36 Masses of all beads are set to m  1, Lennard-Jones ra-
dius to   1, and interaction strengths ij  ˜  1 (cf. eqs 3
and 4). We consider a fixed number p  600 and 1000 of poly-
mers in a cubic box of length L subject to the periodic bound-
ary conditions.
Relative nanoparticle concentration is calculated as the ratio




where n is the number of nanoparticles. Simulations are
performed for seven values of the relative nanoparticle
concentration c  0.09, 0.12, 0.146, 0.17, 0.193, 0.215, and
0.235 for Nnp  13 size nanoparticle, c  0.126, 0.162, 0.178,
0.194, 0.224, 0.30, and 0.37 for Nnp  55 size nanoparticle,
and one value of relative nanoparticle concentration c 
0.208 for the Nnp  75 size nanoparticle. Nanoparticle affinity
εN/kBT is tuned from 1.0 to 3.0 with a 0.5 step. All simulations
are performed for five total densities (volume fractions)  
(nNnp  pNpoly)/L
3 (  /6), ()  0.28648(0.15),
0.38197(0.20), 0.47746(0.25), 0.57296(0.3), and 0.66845(0.35).
All runs are performed in the NVT ensemble at a reduced
Lennard-Jones temperature T  1.2.37 Depending on the
parameters, simulations are carried over 10 to 20 million time
steps with a step size 	  0.005 (  (m2/) being the
unit of dimensionless time). Snapshots of the simulation are
recorded every 104 time steps starting after the 5 millionth
time step, which is well beyond a typical eq  2  10
6 time
steps it took to equilibrate even the largest system sizes at
highest concentrations. In order to ensure that our
simulations are not locked in metastable phases but reach an
equilibrium state, we have selected at random a number of
points in the phase diagram and repeated simulations
starting from different random initial configurations. Our
confidence that these are true equilibrium structures is
further enhanced by the fact that the ordered phases form
within the first million time steps and stay stable for more
than 50 million time steps, as confirmed by a few extremely
long (108 time steps) test runs.
The initial configurations are built in a two-step process: (1)
n nanoparticles are placed at random positions and given ran-
dom orientations, (2) p polymer chains are grown using self-
avoiding random walkers. This scheme works well for low densi-
ties up to0.5. Simulations at the two largest densities, 0.57296
and 0.66845, are initiated with   0.47746 initial configura-
tions. Then, using the LAMMPS rescale command over 5 million
time steps, the simulation box is gradually shrunk until the de-
sired density is achieved. To ensure reproducibility, each run was
performed from a different initial configuration. The total time
required to run the simulations presented in this paper is ap-
proximately 10 CPU years on a single AMD Opteron 2.4 GHz
processor.
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